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(I.) Introduction 

Years ago, Bardeen [jlj] as well as Gross and Jackiw @] (BGJ) considered the ques- 
tion of the simultaneous quantum consistency of conservation laws involving vector 
and axial vector non-Abelian currents. The results of these studies are now widely ap- 
preciated. While classically both types of currents can be simultaneously conserved, 
when the effects of relativistic quantum theory are taken into account both currents 
cannot be simultaneously conserved. One of the conservation laws must be broken due 
to an anomaly in the corresponding Ward identities. The implications of the anomaly 
are, in the words of Zumino, Wu and Zee, "ubiquitous" 0]. A topic closely related 
to this is the form of the WZNW term Q whose variation produces the appropriate 
anomalies, and its extension in the presence of 4D, N = 1 supersymmetry. 

Earlier work on the latter subject has framed the issue by formulating a superspace 
WZNW action described solely in terms of chiral superfields. However, in ref. || a 
surprising alternative proposal has been made. Namely, if the spin-1/2 fields ("pio- 
nini" ) accompanying the usual pions are Dirac fields, then a supersymmetric WZNW 
term may exist wherein some spin-0 degrees of freedom are assigned to supersymmet- 
ric representations other than the chiral multiplet! The nonminimal scalar superfield, 
a variant representation that is dual to the chiral superfield, has been proposed. We 
call such models that use both chiral and nonminimal superfields, chiral-nonminimal 
(CNM) models. In the second work of reference ||, initial steps began toward the 
description of a 4D, N — 1 supersymmetric extension of the gauged WZNW term. 

In working toward this last goal we have made a search of the literature 0. Al- 
though there have appeared many prior discussions of 4D, N = 1 supersymmetric 
gauge theories and non-Abelian anomalies (see also to the best of our knowl- 
edge, there has been no discussion of the 4D, N — 1 superfield action for the BGJ 
anomalies that pays special attention to the simplest expression for these anomalies. 
Many of the results given so far have explicit dependence on either the prepotential V 
or SgV. Since the gauge variation S G V is a transcendental expression, the clarity of 
such formulations is lessened. As the anomaly is always defined up to cohomologically 
trivial terms, we were led to the belief that the prepotential should only enter via its 
natural superspace appearance as e v along with superconnections and the fermionic 
field strength. 

It is thus a purpose of this work to offer an "improved" description of the 4D, 
N = 1 supersymmetric BGJ anomaly. We begin with the integrated form of the 
left-right anomalies that appear in the (would-be) current conservation laws for the 
non- supersymmetric theory and reformulate the Wess- Zumino consistency condition 
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in terms of two operators, A and 8 R . We also observe that the BGJ anomaly term, 
defined in terms of geometrical "monomials of the anomaly" possesses interesting 
properties with respect to these operators. The monomials as well as the A and 8 R 
operators all have 4D, N — 1 extensions which we use to reconceptualize the super- 
symmetric problem. In the course of our analysis, we also show how to use the results 
of reference J7| combined with a special choice of homotopy to reach our goals. 



(II.) Algebraic Realization of the WZ Consistency Condition on the 
Left-Right BGJ Anomaly Term 

Our discussion starts by considering the integrated form of the left-right BGJ 
anomalies. For this purpose, we use the results of references P, |[ with a set of gauge 
fields, A a L ^ (a = aa), minimally coupled to purely left handed spinors, C° and a set 
of gauge fields, A a R \ minimally coupled to purely right handed spinors, ip a 

S(J L + Jr) = S(J L ) + S(J R ) , 

S(J L ) = jd*x[- iCV^t } , = d & - lAf^h , (2.1) 

S(Jr) = [ - i^Vfr] , Vf) =da- lA^H, . 

Here t\ denotes a hermitian matrix representation of the group generators. We 
note that in supersymmetric theories, the left-right split is most natural since the 
superfields that contain the fermions are already formulated in terms of chiral spinors. 
In the subsequent discussion we will make use of the following notational devices, 

5 G {X)A a = 8 a X + i[ A, A a } = 8 a X + iL x A a , A = A 7 t 7 , 

- - - - - (2.2) 

6 G (X)Fa k = tL X Fab , = - d b _Aa - i[Aa,Ab] . 

We emphasize that throughout the following discussion the A's are functions of x. 

Due to the gauge transformation properties above, it becomes possible to define 
new operators that we denote by A and 5r via the equation 

MA) = A(A) + 5 R (X) , (2.3) 

where we choose 

5 R (X)Aa = iL x Aa , 5 R (X)F gk = iL x F^ . (2.4) 
These obviously imply that 

A(X)Aa = daX , A (A) F^b = , (2.5) 
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and show that under the action of A, the connection and field strength transform 
as in an abelian gauge theory. We also note that the operator A satisfies A 2 = 0, 
i.e. nilpotency. Although we will not exploit this property in the present work, we 
believe this is significant since the A operator satisfies a Poincare lemma, suggesting 
an immediate relation to exact short sequences and topology. As we shall see below, 
the decomposition in (2.3) is also significant for the BGJ anomaly since actually the 
A-operator, not the (^-operator, determines it. We find it very satisfying that the 
nilpotent operator, reminiscent of the exterior derivative, plays the more fundamental 
role. 

We may write the left BGJ non- Abelian gauge anomaly as 



>BGJ 



(A) = (^) / d*x A'GJ^)) ee (^) / d*xul(\, FW) . (2.6) 



We have written this last function with its arguments to emphasize that only 
connections and field strengths are allowed to enter in the above construction. The 
function Gl L JA^) can be explicitly written in the form, 

\ I G\ L) (AM)= Tt{\[F^F^-M + iF^MAWAP + iA^F^-^A^ 

+ % Af Af F-- < L > - Af 4 L) A^ Af ] } . 

(2.7) 

In writing this, we have expressed the answer in terms of the field strength F^b 
and the dual field strength F^b = \ e abcdF--. The right integrated BGJ non-Abelian 
anomaly can be obtained from the left one by the replacements G(X) — > — G(#), 
4 L) -> A^&ndFff -> F£\ The leading term in (2.6, 2.7) has exactly the same 
form as that for the Abelian anomaly with the difference that an extra factor of the 
group generator t l (contained in A) is present under the trace operation. 

The BGJ non-Abelian gauge anomaly term (2.6, 2.7) is by definition a solution of 
the Wess-Zumino consistency condition, 

A(Ai)4 L c]j(A 2 ) - A(A 2 )4 L J J (A 1 ) = iS^QA^Aa]) , (2.8) 

where we have used the A (A) operator in place of the more traditional 5g(A) operator. 
We note that using the 8q operator leads to the same expression, but with a minus 
sign on the RHS of (2.8). It is also of interest to note that 

<fe(Ai) ^gj(A 2 ) - 5 R (X 2 ) ^gjCAO = -<25g J ([A lj A 2 ]) , (2.9) 

which differs from the WZ consistency condition in (2.8) by a factor of (—2) on the 
right hand side. Analogous identities hold for the right BGJ anomaly Sbgj- 



The function uj\ in (2.6) can be organized according to the powers of the connec- 
tions that enter its different terms. So that we have 

ul(X, A^ L \F^) = A(A) + iA 2 {X) - A 4 (X) = j^{i) t A 2 t{\) , (2.10) 

where the subscripts of A21 denotes the powers of the connection that enter, i.e. 
A (\)= Tr{\ Fa k F^} , 

A 2 (X) = Tr{A [Aa Ab F-- + Ag_ F-- Ab + F-- Aa_Ab} } , (2.11) 

Ai(X) = e---- Ti\x AaAbAcAd] , 

and we dropped the L superscript for notational convenience. For reasons that will 
become clear later, we call the A^s, "the basis monomials of the anomaly." 

It is instructive (especially in view of our goal to treat the 4D, N — 1 supersym- 
metric case) to ask precisely how the WZ consistency condition gets satisfied using 
the monomials. In order to do this, it is useful to introduce a further notational 

«abcd 
be defined by 

{}— ee e^- d - Tr{ } , (2.12) 
where, given any matrices X, y and Z, we define 

Tr{ XXoyXiZ } ee Tr{ XXoyXrZ } - Tr{ XX^XqZ } . (2.13) 

A simple set of calculations reveals 
A(X 1 )A (X 2 ) - A(A 2 )A(Ai)= , 

A(A 1 )^l 2 (A 2 ) - A(X 2 )A 2 (X 1 ) = A([A!,A 2 ]) +i{x 1 X 2 AAA i + ±[ A< L X 1 A b _X 2 

+ X x AaX 2 Ab - XiAa_AbX 2 }F cA }~~ , 

A(A X )A(A 2 ) - A(A 2 )A(Ai)= iAa([Xi , A 2 ]) + ^ 2 ([A l5 A 2 ]) 

- { Ax A 2 AaFbcAd + i[ AaX l A b _X 2 

+ XiAaX 2 Ab - X x AaAbX 2 }Fcd }"" . 

(2.14) 

In writing these results, we have neglected total divergences. It is also useful to note 
that we have repeatedly used the identities 

daA b _ = \Fab_ + lAaAb , daFbc = -i F^b Ac + iAaFbc ■ (2.15) 
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«a bed 
symbol. It is seen that upon introducing constants 

a , a 2 and a 4 , we obtain 

2 2 
A(\ 1 )[J2 a 2eA 2 eM] - A(A 2 ) [ o^-A^Ai) = 

«2A([Ai,A 2 ]) + a 4 A 2 ([Xi , A 2 ]) + ia 4 A([Ai , A 2 ]) 

- (a 4 - ia 2 ) { [ -2A„AiA 2 A + AiA„A 2 A - AiA„AA 2 . 

(2.16) 

Imposing the WZ consistency result (2.8) upon this last equation, we find that the 
constants must satisfy = —ia 2 = — a 4 which up to an overall normalization repro- 
duces (2.6,2.7). It is also of note that each of the monomials separately and exactly 
(i.e. no total divergences are dropped) satisfies the equation 

S R (Xi)A 2e (X 2 ) - S R (\ 2 )A2t(Xi) = -i2A 2e ([X 1 , A 2 ]) . (2.17) 

This approach also emphasizes that it is the abelian part of the gauge field trans- 
formation law that determines the form of the BGJ anomaly when working in the 
basis defined by the anomaly monomials in (2.11). The condition in (2.17) does not 
lead to algebraic relations among the a 2 n coefficients. 

It is also interesting to investigate how the WZ consistency condition is satisfied 
when the anomaly is given as 

X'GUA^) = e^Tr{x[d a (A b F cd + iA b A c A d ) ] } 

= -Bi(A) + tB 3 (X) . 

Here B\ denotes the term linear in the gauge field and £> 3 denotes the term cubic in 
the gauge field. Once again the leading term in (2.18) is of the form of the Abelian 
anomaly except for the presence of A under the trace operation. In this way of writing 
the anomaly we find that the WZ consistency condition leads to 

MAi)4 L Jj(A2) - ^(A 2 )4g ) j(Ai) = -iS^dX,, A 2 ]) , (2.19) 

as a trivial consequence of the rigid transformations (2.4), and 

A(X 1 )S i B %(X 2 ) - A(A 2 )4 L G ) J (A 1 ) = , (2.20) 

as the only non-trivial condition. 

The condition (2.20) can be used to determine algebraically the non-abelian 
anomaly in the form (2.18). In fact, we can start with the definition 

u{ = b 1 B 1 +b 3 B 3 (2.21) 
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where bi and b 3 are generic constants. To show that solutions to equation (2.20) exist 
in this form we note that up to total derivatives 

A(Ai)8i(A 2 ) - A(A 2 )8i(Ai) = e^T^AO ( d b \ 2 ) F cd } , 

_ (2 22) 

A(Ai)B 3 (A 2 ) - A(A 2 )£3(Ax)= ie^Tr{{daXi) {d b _X 2 ) F &i ) } , 

where we have used the Bianchi identities (2.15). As long as the condition 6 3 = ib\ is 
valid, we see that (2.20) is satisfied. 

We note that the non-Abelian consistency condition as encoded in the ^-equation 
which does not lead to any algebraic condition on the bi coefficients, whereas the A- 
equation simply yields an Abelian-like condition which fixes the constants b\ and 63 up 
to an overall normalization factor. Again, the structure of the anomaly is completely 
determined by the nilpotent A-operator. 

Since it is our goal to study the possibility of a supersymmetric generalization of 
(2.7), it behooves us to make one final set of notational changes to facilitate the use 
of Superspace || conventions. We note 

A ' ^ |^ (jaS (jPl ^jap^j-yS ^j'yS ^jaS^j py j ^ 23) 

Fg,b = [CapfaP + C a pf op] , Fab = i [ ^apfaP ~ Capfap) , (2.24) 

so that the final form in which we write (2.6, 2.7) is 

<Sffij(A) = (a£») Jd'xTT{X[zf^f aP - if" [j-;-,, + \f^AjA 

i 1 A 'P fa /3 A . , 1 A @A .fa/3 

leap A a . A . _ I A a . f' a P A . 
~ 2J 71 a^-aP 2 71 aJ ^aP 

_ I A a ■ A ■ f' a $ — i A aa A ■ Af 3 '/ 3 A ■ 

, i_ Aaa a . ApP A ■ 1 X 
+ 2 71 A Pa A A ap\ j ! 



whereas equation (2.18) takes the form 
4g } j(A) = (21^) Jd 4 xTr{\d±(iAjf Q p - iA?-J aP + iAjA^Ap;, 



(2.25) 



(2.26) 



A superfield action for the anomaly should contain the terms in either (2.25) or (2.26) 
at a minimum. 
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(III.) Preliminaries for 4D, N = 1 Supersymmetric BGJ Anomaly Term 

Having completed the discussion of relevant structures in the non-supersymmetric 
case, the next obvious step is to consider analogous structures in the supersymmetric 
extensions. The superspace Yang-Mills covariant superderivative = Da — iV a 
(where Ta is a matrix in the Lie algebra of the gauge group and Va = (V Q , V^, Vq_)) 
is totally expressed in the chiral representation in terms of a pseudoscalar hermitian- 
matrix general superfield V as 

V Q = e- y D a e v , V- a =D a , V„ = - % { V a , V« } , (3.1) 

and the spinorial field strengths are given by (r„ = — (T Q )* ) 

W a = D 2 Y a = iD\e- y D a e v ) , W a = D 2 Y a = %D\e v D a e~ v ) . (3.2) 

Here we use Superspace || notations and conventions supplemented by superspace 
conjugation rules on the derivatives, (D a )* = —D- a) (D a )* = D a and (da)* = da- 

From the results in (3.1) and (3.2) we see that 

D£ a = iTa , D°Ta = -i2W a , (3.3) 

D a W a = , V a W a + D' a (e- y W a e v ) = . (3.4) 

where the covariant derivative acting on superfields in the adjoint representation of 
the gauge group is defined as V a W a = D a W a — i { T a , W a }. Most of the following 
equations are familiar from the literature, 



D a e v = 




_ • -p -v 




D a e V = 


iT- a e v , D- a e~ v = 


• -V T=f 

-ie T- a , 


(3.5) 


3 a _e v = 


-ie v Ta + iTae v , 


dae~ v = -ie~ v Ta + iTae~ v , 





but to our knowledge the last two have not appeared before. 

The results of (3.3) and (3.5) are the supersymmetric analogs of the first result 
given in (2.15) for the non-supersymmetric theory. In both cases, the equations 
tell us how to calculate the first derivatives of gauge- variant objects in terms of other 
geometrical quantities, the superconnections. Similarly, the results in (3.4) are known 
to be the supersymmetric analogs of the second result given in (2.15) for the non- 
supersymmetric theory. In both cases these are the Bianchi identities. 

The infinitesimal gauge transformations of e v , T a and W a are given by 

5 G (A)e v = i\ke v - e v A ] , 5 G (A) e - y = i[Ae" y - e" y A] , 

(3.6) 

5 g (A)Ta= D a A + iL K T A , 5 G (A)W a = iL A W a , 
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where the gauge parameter superfields satisfy D-J\ = D a A = 0. 

In the bosonic case we defined the operator A and saw that the WZ consistency 
condition can be entirely reformulated in terms of this operator. The A-operator has 
a natural extension to a supersymmetric YM theory. In this case it can be split into 
a sum of a holomorphic operator Ai and its antiholomorphic conjugate Ai according 
to 

A = Ai + Ai , (3.7) 

where both Ai and Ai annihilate all field strengths and factors e v and e~ v . However, 
they act on superconnections as 

Ai Y a = D a A , Ai T a = , Ai Ya = da A , A x r„ = . (3.8) 

In common with its non-supersymmetric precursor, the holomorphic supersymmetric 
operator A x and its antiholomorphic conjugate Ai satisfy, (Ai) 2 = (Ai) 2 = AiAi = 
SiAi = 0. 

In a similar manner, the supersymmetric operator 5r can also be split into the 
sum of a holomorphic operator 5 R and anti-holomorphic operator S R , 

Sr = 6 1 r + 5 1 r , (3.9) 

where 





-ie v A 


, 8 R e~ v 


5 R T A = 




S R W a 


$rFa = 


o 





ike 



-v 



(3.10) 



l L, A VV a , 

o . 

We also note that "tilde-variables" defined by 

f • = e- y Y- a e v , f„ = e- y Y a _e v , W - a = e~ v W- a e v , (3.11) 

only transform under the action of 5 R according to eqs. (3.10). We will call "holo- 
morphic" any quantity which manifests this behavior under the S R transformation. 



The superfield form of S(J L + J R ) is usually assumed to be of the form 

S c *(Jl + Jr) = Jd 8 Z[$ + e v(R) <S> + + $_e- yW $_] , (3.12) 

so that the spinor ( a are contained in and the spinors ip a are contained $ + . We 
use the notation d 8 Z = d 4 xd 2 6d 2 6. For a finite gauge transformation, the matter 
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superfields $_ and $ + and the Yang-Mills gauge superfields and transform 



as 



($+)' = exp[iA( fl ) J tj]$+ , ($+)' = $+ expf-iA^ 7 */] , 
($_)' = exp[zA (L)/ tj]$_ , ($_)' = $_ exp[-iA (L)/ t 7 ] , (3.13) 
^-vWy = e i A (i-) e _y(£) e _iA< L ) ( e y(fl) )' = e iX<fl) e y(R) e ~ iA(R) 

We shall construct the anomaly associated with either Left or Right gauge group. 

(IV.) The 4D, N = 1 Supersymmetric BGJ Anomaly Term in the 
Wess-Zumino Gauge 

The BGJ anomaly as written in eq. (2.18) strongly suggests that any supersym- 
metric extension can be written proportional to Da A. On the basis of dimensional 
analysis (in mass units dim[V] = 0, dim[T a ] = 5, dim [IV] = 1 and dim[W a ] = §) 
one can then write all possible monomials proportional to Da A times connections 
1^4, field strengths W a , W- a or their derivatives and generic functions of e v . The 
physical bosonic content of any single monomial can be easily found by linearizing in 
V and reducing in components in the Wess-Zumino gauge, defined by the following 
conditions 

V\ = , D a V\ = , D 2 V\ = . (4.1) 

In this gauge, the reality condition A| = A| = A holds for the gauge parameters. 
Moreover, due to the chirality constraint, they satisfy D- a D a A\ = D a D^A\ = idaX. 
Performing the reduction for all the geometrical objects and keeping only the physical 
bosonic components we have found that the only monomial structures proportional 
to DaA and linear in V, which give contributions to the bosonic physical sector are 

j d 8 ZCi= J d 8 ZTr{D a A{W a , V}} + h.c. ->-/ d 4 xB l , 

J d 8 ZC 2 = I d 8 ZTi{daA[T a , [T",V]]} + h.c. ^2i J d 4 xB 3 , 

J d 8 ZC 3 = J d 8 ZTr{D a A{Ta, [f", V]}j + h.c. -> J d*x[Bi + 2iB 3 \ , 

J d 8 ZC A = J d 8 ZTr{D a A{Fa, [f°, V]}} + h.c. -> -4i J d A xB 3 , 

J d 8 ZC 5 = i j d 8 ZTr{D a A{daT a , V}} + h.c. -> J d 4 x[B 1 + 2iB 3 ] , 

J d 8 ZC 6 = i J d 8 ZTr{D a A{D^Fa, V}} + h.c. -> j d 4 x\B x + 2iB 3 ] , 

j d 8 ZC 7 = I d 8 ZTr{D a A({{Ta,T a },V} - {{f„ , f a } , V})} + h.c. 

r ( 4 - 2 ) 
-> / rf 4 x[-3i3i + 2zi3 3 ] . 
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It is easily seen that one can find many suitable linear combinations of the superfield 
monomials (the Cs) whose component reduction gives the correct bosonic combina- 
tion (— £>i — iB 3 ). For example we conclude that, within the WZ gauge, 

Sbgj(A) = / d 8 Z [Ci - \C 2 + h.c. ] , (4.3) 

contains the proper expression for the anomaly. Therefore, the expression for the 
super symmetric BGJ anomaly necessarily contains this particular linear combination 
up to extra terms which could be required in order to satisfy the supersymmetric WZ 
consistency condition but whose physical bosonic sector is cohomologically trivial. 

As shown in eq. (4.2), the reduction to the WZ gauge allows only for the determi- 
nation of the linear V dependence of the supersymmetric anomaly on the prepotential. 
In the next section, by exploiting the general approach of Ref. |7j, we determine the 
simplest structure of the supersymmetric monomials as functions of the geometric 
objects of the theory. 

(V.) The Holomorphic 4D, N = 1 SUSY BGJ Anomaly Term, the 
MAO Formalism and the Minimal Homotopy 

Outside of the Wess-Zumino gauge it is reasonable to seek a supersymmetric 
extension of the BGJ anomaly in the form, 

S BGJ {A, A) = [S BGJ (A) + h.c. ] . (5.1) 

We shall call the action Sbgj{A) the "holomorphic BGJ anomaly action" and its 
hermitian conjugate the "anti-holomorphic BGJ anomaly action." This action is 
subject to two conditions: (a.) it must satisfy the superfield WZ consistency condition 
and (b.) it must not be cohomologically trivial. In terms of the Ai and 5^ operators, 
the superfield WZ consistency condition for the purely holomorphic BGJ anomaly 
action (and equivalently, for the purely anti-holomorphic BGJ anomaly action) is 

[^(Ai) + A 1 (A 1 )] 1 S B gj(A 2 ) - K(A 2 ) + A 1 (A 2 )]5 BG j(A 1 ) = 

-i5 B Gj([Ai,A 2 ]) , (5.2) 

and also a second independent condition given by 

ite{[^(A!) + A 1 (A 1 )]«S BG j(A 2 ) - [^(A 2 ) + A 1 (A 2 )]5 BG j(Ai)} = . 

(5.3) 

The supersymmetric BGJ anomaly is expressible in terms of a real super 4-form 
Fabcd- The superspace geometry of all 4D, N — 1 irreducible super p-forms was 
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established many years ago [KJ. Components of the real 4- form satisfy the following 
constraints, 



Fa/3-y D ~ Faff^D ~ Fa/3cd — , Faffed ~ C'jfl a^CgjpT 



(5.4) 



where D^F = 0. The remaining non- vanishing field strength superfields take the 
forms 

Fa bed ^abed D J~ , 

(5.5) 



F a 



bed 



l^a bed 



D 2 T 



D T 



As was given in the first considerations of irreducible super p-forms ||10|| , the super 
4-form defined by (5.4) and (5.5) is super-closed ({dF) abode = 0). 

The definition of the anomaly in terms of the 4-forms (5.5) is 



5, 



BGJ 



(5.6) 



The essential problem is then reduced to one of specifying the form of the chiral 
superfield T in terms of a gauge parameter chiral superfield A and the YM gauge 
superfield V. 

As in the bosonic case, one could in principle use the conditions in (5.2) and (5.3) 
to determine algebraically the supersymmetric BGJ anomaly. This would amount to 
consider the most general non-trivial linear combination of "monomials", expressed 
in terms of e , superconnections, field strengths and possibly their derivatives, lin- 
ear in A, and impose the conditions (5.2) and (5.3) to determine the coefficients of 
the linear combination. Here we prefer to determine an explicit expression for the 
supersymmetric anomaly by the use of a special homotopy operator along the lines 
of the work by McArthur and Osborn (MAO) [0 who gave the clearest and most 
succinct discussion of the issues involved with the solution of the supersymmetric 
Wess-Zumino consistency conditions. 

In this reference, the anomaly is written as the sum of two terms L and Jq 1 dyX(y) 
where L is the covariant anomaly obtained from a regularized form of the one-loop 
effective action, and X is a local functional added in order to satisfy the WZ consis- 
tency conditions. It is constructed by using a homotopy, described by the parameter 
y, which is a class of maps denoted by g y satisfying the boundary conditions g y=0 = I 
and g y= i = e v (for our purpose, in a K-gauge where g — 1). In the class of maps g y 
satisfying the previous boundary conditions we choose the minimal homotopy defined 
as 



9y 



I + y\ 



(5.7) 
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Its main merit is that it is linear in e . Let us denote its inverse by Q 



= 9y - 
which satisfies 



Q\y=0 



2/£e v = I 



dy n 



1 - y)G , y(e v - 1)0 = I - Q 
= (-l) n n\(e v - l) n g n+1 . 



(5.8) 

(5.9) 
(5.10) 



The minimal homotopy is uniquely characterized by the simplicity that is evident 
in the equations 

„V a — V , r n ■ ,-> t V \ T ,.Y } , 



///( . r''A - Ae v ) , <5 G £ = iyg{ e v A - Ae v )Q , 



$G9y = 

dg y = -tye v [du a T a - du' a f- a + d^(r a - f a ) ] + ( e y - I) , 
d£= iye v G[du a T a - du a Y a + dco- ( r a — f a ) ] £ 
- d|/(e v - 1)£ 2 , 

(5.11) 

where (do/*, do;", da;-) are the basis one-forms canonically dual to (Z) Q , D^,, d a ) . Due 
to the form of (5.7), the connections in (5.11) are independent of the y-variable. The 
second line in (5.11) allows the definition of a homotopically extended superconnection 
form via 7 = %gdg y . 

The gauge superfield appears solely via exponential dependence. This is the hall- 
mark of the class of homotopy operators of the form g y = I + f{y){e v — I)- For the 
minimal one in (5.7), simple and explicit calculations show 



;Ma 1 ),^(a 2 ) 



I 9y \ 



g 

V J 

(d5 G - 5 G d)g y 

)(dS G - s G d)g 



MA 3 ) 



3\ I 9y 



, A 3 = [A 1 , A : 



(5.12) 



[Ai + Aa] dg y , 

g ([Ai + Ai] dg y ) g . 



We can now state the relation of the minimal homotopy to the irreducible super 
4-form field strength T in (5.5). The minimal homotopy allows explicit evaluation of 
all quantities defined in ref. @. The "X" -function in our conventions is given by 



i / d 8 ZTr< 



fi ■ {D a f 2 ) ■ W- + f 2 ■ \gD a {g y hg)g y ] ■ W a 



+ h.c. , 
(5.13) 
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where the functions fx and ji depend (again in our conventions) on the choice of the 
homotopy according to the following definitions 

h = 9?{^)dy , h = G5 l R g y ■ (5.14) 
The Tr s operation is defined by 

Tr s [A-B-C] = Tr[ A{BC + CB) + B{CA + AC) + C{AB + BA) ] , 
Tr s [A- B a -C a }= Tr[ A(B a C a - C a B a ) + B a (C a A + AC a ) 

- C a {AB a + B a A) ] . 



In the case of minimal homotopy one obtains 

fi = G(e v -1) , h = ~iyGe v A , 
G[D a {g y fxG)\g y = -ie v g 2 T a , D«f 2 = y(l-y)e v gf & gA 



(5.15) 



(5.16) 



a J j 



(5.17) 



whereas the homotopically extended field strength W a and its "tilde" conjugate W- c 
are defined as follows, 

W Q = y e v Q w a = j I - ( 1 - y )Q | w a , 
w a = W a - (1 - y)[f a gTa + (1 - y)f a Gf- a QT a 

- i\{D'°T- a - if a f- a )gv c 
W a = ye v gw a = {I - (1 - y)g) 

ti a = w a + (i - 2/)[f^r Q - (i - y)f^r°^r a 

- z|f Q ^(OT Q + zr a r a ) ] . 

Above, W a is the standard field strength defined in (3.2), while the tilde quantities^ 
appearing on the RHS of eq. (5.17) are defined in (3.11). 

We also work in chiral representation (with holomorphy manifest) to find 
T = -^D 2 {Tr(AT a W a ) - ± J* dyyTr s (e v Q A ■ e v g 2 T a -W a 

+ (i - e v g)-e v gv a gA-w a )} ( 5 - 18 ) 

= D 2 V(A-e v ) . 



6 Care should be taken to note that W a and its "tilde-conjugate" are defined by (3.2) and (3.11), 
respectively. On the other hand, W a and its "tilde-conjugate" are defined by (5.17). 
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Written in this form, only the inverse minimal homotopy Q appears. Making the 
symmetrization of the trace explicit we eventually find 

y 



(5.19) 



V= - 2^{Tr[A(rW a - jT 1 dyy (2W a ^ + [ W a , rr a } Q e l 

- {W\Qe v }^))] } 
where we have defined 

7r Q = e v g 2 T a , ifa = Q{-^a) ] 9 y = e v Qf 6c G • (5.20) 

Therefore, upon defining d 6 Z = d 4 xd 2 6 we find 

S BG j(A) = i\J 'd e Z T = i\J d 8 Z V (5.21) 

for the holomorphic BGJ anomaly action. 

The superfield action given by (5.1) and (5.21) contains the component action 
defined by (2.6) and (2.7). Furthermore, using standard arguments, the WZNW 
term can be obtained from the replacement 

V(A;e v ) -> f 1 dw V(h-lfie v U) , U = e~ lwK . (5.22) 
Jo 

(details concerning these results will be reported in an extended version of this paper 
0)- 

One reason for the comparative simplicity of our result contrasted with those in 
ref.'s and [0], is precisely the use of the minimal homotopy. A non-minimal choice of 
the homotopy that has been widely discussed previously is defined by g y = exp [ y V ] . 
The gauge variation of this expression is vastly more complicated than the first result 
given in (5.11). Many other previous expressions for the anomaly are non-minimal (i.e. 
contain cohomologically trivial terms) as can be seen explicitly in many places (e.g. 
the work by Guadagnini, Konishi and Minchev H). Cohomo logical and topological 
non-minimality appear to be the source of much of the opacity of the literature on 
the topic of supersymmetric BGJ anomalies. 

"The labour we delight in physics pain." - W. Shakespeare 
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